The lowest-lying electronic states of small nickel clusters (Ni 3 and Ni 4 ) have been solved by ab initio spin-density-functional theory, and then fitted by suitably parametrized spin Hamiltonians. The results demonstrate that these spin Hamiltonians strongly depend on the geometry of the cluster. For small clusters it is important to also include higher powers of the single-site anisotropy terms.
I. INTRODUCTION
Magnetic interaction has its origin in the electrostatic interaction. Due to the Pauli exclusion principle the so-called exchange interaction between electrons depends on their spin quantum numbers. This property justifies effective spin models that can be used to describe the magnetic properties of matter. 1 There is a long history of how effective spin models can be derived in the case of bulk matter, 1 but little is known about spin models that would be applicable in the case of small atomic clusters. Recently an attempt was made to consider the magnetic properties related to the lowest-lying electronic states of TmSb and PrSb systems, 2 but the related spin Hamiltonians were not considered. These authors showed that, excluding the self-interaction of the nonspherical part of the 4 f -electron density, it is possible to compute crystal electric-field ͑CEF͒ energies, and in principle this allows one to determine the CEF spin Hamiltonian parameters by ab initio methods. Illas et al. 3 considered the Heisenberg spin Hamiltonian parameters using ab initio techniques, and analyzed the main physical contibutions to the exchange between neighboring spins.
Most of the work in this area has been restricted to the determination of the effective magnetic moments per atom, and the dependence of the magnetic moment of the atom on its local environment in small transition-metal clusters. [4] [5] [6] [7] [8] It was shown that the number of nearest neighbors of an atom and its bonding length both have a strong influence on its magnetic moment. Due to these effects, the average magnetic moment of the cluster considerably depends on its geometry and the number of atoms in the cluster. Different kinds of magnetic phase transitions in small atomic clusters have also attracted interest recently. 9 Attempts were made to relate transitions between paramagnetic, ferromagnetic, and antiferromagnetic phases to the local coordination number, band filling, and the relative strength of the Coulomb interaction and the hopping integral between the nearest-neighbor sites in the context of the Hubbard model. Several magnetic transitions were found to occur as a function of these variables.
There has been much interest recently in a related problem of the magnetic properties of large molecules. [10] [11] [12] [13] There the main concern has been the inclusion of the proper anisotropy terms, resulting from ''crystal-field'' effects, when explaining the anomalously long relaxation times and resonant tunneling transitions measured for these magnetic molecules. It was found that second-and fourth-order terms must be included in the proper spin Hamiltonian.
In this work we consider to what extent the behavior of a small assembly of nickel atoms can be described by an effective spin Hamiltonian, and what kind of terms should be included in it. The question of the length of individual spins is also considered. To calculate the electronic structure of these clusters we use density-functional theory 14 in the localspin-density approximation ͑DFT-LSDA͒. Among the numerous kinds of approximations used in solving the manybody Schrödinger equations, DFT with LSDA has proved to be one of the most accurate methods.
Having first solved for the lowest-lying cluster electronic levels and their magnetic moments, we then construct an effective spin Hamiltonian which produces the same z component of the total spin, and has the same energy levels as accurately as possible. By cluster electronic levels we mean the total energy of the cluster for different z components of the total spin. One of the motivations of this analysis is to find out if there is any cluster-size or cluster-geometry dependence in the effective spin Hamiltonians. In this paper we use the lowercase letter s to denote the length of the spin at lattice sites. Uppercase letters S and S z denote the total spin and its z component, respectively.
II. THE ELECTRONIC STRUCTURES OF SMALL CLUSTERS
The electronic structures of nickel clusters have previously been computed by various methods. [4] [5] [6] 15 We have chosen to model the electronic structure of small nickel clusters, here only Ni 3 and Ni 4 , using the ab initio BornOppenheimer, local-spin-density-approximation ͑BO-LSDA͒ method by Barnett and Landman. 16 We do not give here the 17 was to reformulate the original system, which involved electron-electron interactions, in terms of a noninteracting problem with an expression for the kinetic energy that can be treated exactly. This procedure leads to the Kohn-Sham equations
where N is the number of electrons in the system, and ␣ and ␤ denote up and down spins, respectively. is the electron density for spin , ϭ␣,␤, constructed from noninteracting Kohn-Sham orbitals i , (r)ϭ ␣ (r)ϩ ␤ (r) is the total electron density, and v is an external potential due to the atomic nucleus. The precise form of the exchange-correlation energy E xc is not known and approximations are needed.
In the BO-LSDA method one solves the Kohn-Sham oneelectron equations for the single-electron states of the valence electrons corresponding to a system of given geometry. The present implementation of this method uses the planewave basis combined with the fast Fourier-transformation technique for the one-electron wave functions, a normconserving, nonlocal, separable pseudopotential 18 for the valence electron-ion interaction, and the LSDA parametrization by Vosko, Wilk, and Nusair 19 for the exchange and correlation energies. We use a plane-wave cutoff of 72.1 Ry.
During the computations only the outermost occupied orbitals of the Ni atom, 3d and 4s were treated as valence orbitals, and the other occupied orbitals as frozen core orbitals. Our DFT-LSDA results compare favorably with earlier ab initio results reported in, Refs. 5 and 15 and with experimental data. 20 According to our calculations the ground state of an isolated nickel atom has electron configuration 3d 9 4s
1 although the correct configuration is 3d 8 4s 2 . However, this is satisfactory because of the very tricky problems related to accurately approximating the exchange-correlation energy functional E xc ͓͔. The ionization potential of an isolated nickel atom was found to be 8.08 eV, in reasonable agreement with the experimental value 7.63 eV. 21 The binding energy of a dimer was found to be 2.67 eV ͓the experimental value is 2.07 eV ͑Ref. 20͔͒, and the equilibrium distance between the two atoms in the spin state S z ϭ1 was found to be 2.08 Å ͓the experimental value is 2.20 Å ͑Ref. 20͔͒. Our results reflect the typical DFT-LSDA overbinding, found also in previous theoretical studies. 5, 22 In every case the geometry was optimized with a fixed z component of the total spin. After reaching the optimal geometry this was fixed, and then the z component of the total spin of the system was allowed to relax to its optimal value to reach the ground state. As many convergent energy states as possible with different values of the z component of the total spin were computed. Notice, however, that the total angular momentum of the cluster remains undetermined in the present DFT method because the orbital angular momentum L remains undetermined. Therefore, only the z component of the total spin S z arising from the spins of the valence electrons is obtained.
For the Ni 3 cluster the ground state was found to be an equilateral triangle with S z ϭ1. For the linear chain only one fully converged electronic configuration (S z ϭ2) was obtained, and, therefore, it was impossible to find an effective spin Hamiltonian for that system. For the triangle the lowestlying excited state was found to be 0.3445 eV above the ground state with S z ϭ0 ͓Fig. 1͑b͔͒. The second excited state was only 0.006 eV above the first one and had S z ϭ2. The difference between these two excited states is within the numerical accuracy of the method. However, the thermodynamic behavior of a system with two almost degenerate levels does not essentially depend on the order of these levels. The third excited spin state S z ϭ3 was 1.14 eV above the two nearly degenerate states.
For the Ni 4 cluster two different geometries, tetrahedron and square, with fully converged results, were obtained. For the tetrahedron the lowest lying spin state was S z ϭ2 while the S z ϭ1 and S z ϭ0 states were found to be 0.211 and 0.309 eV above the ground state, respectively ͓Fig. 2͑b͔͒. For the square the S z ϭ3 state was the ground state, and excited states had S z ϭ2 and S z ϭ1 with energies 0.098 and 0.146 eV higher than the ground-state energy, respectively ͓Fig. 3͑b͔͒.
III. SPIN HAMILTONIANS
Different kinds of terms have recently been proposed to be included in the spin Hamiltonian 11,12 describing ͑large͒ magnetic molecules, which in some ways correspond quite closely to atomic clusters. Traditionally they have also been considered in the case of bulk magnetic materials. 1 The relevant spin Hamiltonians include first of all a Heisenberg type exchange interaction,
This Heisenberg part of the spin Hamiltonian is related to the spin-dependent interaction which has an electrostatic origin as explained briefly above. Very often the simple exchange Hamiltonian is not enough to describe the observed magnetic behavior and single-site nonlinear terms including one or more components of the local spin variables are added to the Hamiltonian. These single-site terms originate, e.g., from the anisotropic electronic environments of the atoms, which af- fect the orbital motions of the valence electrons, and are in the bulk case called local ''crystal fields.'' Similar effects should be even more pronounced in the molecules [10] [11] [12] [13] and small atomic clusters. The lowest-order single-site terms are proportional to the squares of the local spin components, (S i x ) 2 , (S i y ) 2 , and (S i z ) 2 . Because we are restricted in this case to terms which preserve the z component of the total spin as a good quantum number, of the possible second-order terms we only consider the term A ͚ iϭ1 N (S i z ) 2 in the Hamiltonian. This is an easy-axis or hard-axis term depending on the sign (ϯ) of the prefactor A. Notice, however, that in the original DFT-LSDA-model there is no preferred direction. This does not cause any problems here as we are only interested in the z component of the total spin. This is of course only the first term in a series of more and more higher-order terms that are in principle determined by the actual form of the anisotopy of the local electrostatic field. It was noticed very recently that, in the case of large magnetic molecules, e.g., fourth-order terms must be included in order to explain the relaxation of the z component of the total spin S z . In this case we should therefore also include the term D ͚ iϭ1 N (S i z ) 4 . Another fourth-order term (S x ) 4 ϩ(S y ) 4 recently proposed in the context of the resonant tunneling of magnetization 12 is ruled out in our case because it does not commute with S z . Small atomic clusters may also have configurations which do not have inversion symmetry ͑unlike bulk material͒. Therefore, in this case one may also include a third-order term, 3 , in the Hamiltonian. Odd powers of S i z do not have time-inversion symmetry, but we can here consider (S i z ) 3 to represent in an effective way the higher even powers that we cannot include in the spin Hamiltonian, mainly because they would increase the number of parameters beyond a sensible limit. The total spin Hamiltonian we consider here is thus given by
͑3.2͒
in which we assume for simplicity that at least one but not all of the coefficients A, C, or D vanish for any given cluster. The sum in the Heisenberg part is over all nearest-neighbor pairs and N is the number of spins ͑atoms͒ in the system. In all three clusters considered in this work all lattice sites are equivalent and therefore J i j ϵJ. Likewise the spin length s is assumed to be the same for all atoms in a cluster. The sign of the exchange interaction is also considered a parameter, i.e., we do not exclude the possibility of transformations between ferromagnetic ͑FM͒ and antiferromagnetic ͑AFM͒ clusters when the cluster size and shape are changing. It is not clear what is the value of spin s that should be used in a given cluster. Based on the rules for coupling angular momenta, it is possible to exclude some values of s but it is not unambiguously determined. Because the atomic coordination numbers in these systems are quite small, we can assume that atoms retain most of their identity. According to Hund's rules, the lowest state of an isolated atom has total spin Jϭ4 for the electronic configuration 3d 8 4s 2 . Experimental results indicate that the lowest 3d 9 4s 1 state, Jϭ3, is very close to the Jϭ4 state. As a result of earlier studies 8, 9, 23 we know that the higher is the atomic coordination number the lower is its spin. Therefore we use here the spin values sϭ1 and sϭ2.
To reduce the computing time the total state space was split into subspaces in which S z ϭ0,1,2, . . . , and then a matrix representation of the Hamiltonian H in these subspaces was formed. Finally the lowest eigenvalue in each subspace was computed. These matrices can be parametrized by one or two parameters by dividing each matrix element by the exchange coupling constant J. Then only one or two variables exist on the diagonals and all off-diagonal elements are constants. To define the value of the free parameter, or parameters, of the effective spin Hamiltonian, a nonlinear optimization routine was used to minimize the sum of squares,
of the differences between the spin Hamiltonian excitation energies e i SH (A,C,D) and the DFT excitation energies e i DFT in the same spin state S z ; c equals the number of convergent DFT electronic states. Possible solutions were also restricted by the constraint that the lowest-lying states have the same z component of the total spin S z as the DFT result.
IV. RESULTS AND DISCUSSION
To find an optimal solution we did in each case computations for several initial states. If the optimization routine could not find an optimal solution, we also computed the eigenvalue spectrum with a step length of 0.05 when one of the parameter A, C, or D was varied in the interval ͓Ϫ10,10͔ in the one-parameter case, and with a step length of 0.25 in each direction when two of these parameters were varied in the square ͓Ϫ10,10͔ϫ͓Ϫ10,10͔ in the twoparameter case. The limiting values of the parameters appeared to be large enough in the search of possible solutions, as increasing the absolute values of the parameters only caused the diagonal matrix elements to increase while the contributions of the off-diagonal elements to the eigenvalues were at the same time reduced to small perturbations.
For the equilateral triangle configuration of Ni 3 we could not find an exact fit. The best fit was produced when assuming a FM exchange interaction with parameters A,C 0 and the spin length sϭ1. This is expected because triangles do not possess inversion symmetry and the cubic term in Eq. ͑3.2͒ should be nonzero. However, the same Hamiltonian with spin length sϭ2 produced a fit that was almost equally good as the one for sϭ1. On the other hand, when an AFM exchange interaction was assumed, the quality of the fit decreased by more than an order of magnitude. As is evident from Table I , the single-site terms with coefficients A and C seem to dominate over the Heisenberg exchange term. Although the values of these coefficients seem to decrease with increasing order, we suspect that ͉D͉ would be also of reasonable size if this term would be included in the Hamiltonian. However, it is not reasonable to increase the degrees of freedom too much in the Hamiltonian when only a small number of converged electronic states were obtained.
We could not find an optimal solution consistent with the constraints for the square configuration of Ni 4 . However, as-suming a FM exchange interaction in the spin Hamiltonian for which Cϭ0, and computing the eigenvalue spectrum in a grid explained above, we found a domain in the parameter space in which the eigenvalue spectrum was consistent with the constraints. Using a denser grid ͑distance between adjacent points equal to 0.001 in both directions͒ the best solution was obtained in this domain. It is shown in Table I . The reason why the optimization routine failed to reach an optimal solution is in the very complex structure of the parameter domain consistent with the constraints. Assuming an AFM exchange interaction, no solution consistent with the constraints was obtained. When the absolute values of the parameters are small, the states with a small z component of the total spin seem to be energetically more favorable. On the other hand, large absolute values of the parameters favor highly ordered states or unordered states depending on the signs of the free parameters. Therefore we could not find an optimal solution consistent with the constraints regardless of the sign of the exchange interaction.
On the other hand, we obtained a perfect fit for the Ni 4 tetrahedron assuming an AFM exchange interaction with spin lengths sϭ1 and sϭ2, with a Hamiltonian in which Dϭ0. This is consistent with earlier results, that the spin Hamiltonian of a system need not be unique. 1 This form of spin Hamiltonian is expected by symmetry arguments as the tetrahedral Ni 4 does not possess inversion symmetry. However, it seems to be essential that A 0 because for AϭD ϭ0, no optimal solution consistent with the constraints was found. Even for clusters of four atoms anisotropic effects seem to be significant so that the second-order term cannot be neglected in the Hamiltonian.
The parametrized ͑effective͒ spin Hamiltonians for these three systems do not indicate any systematic behavior in the magnetic properties of small nickel clusters. The form of the optimal solution and the values of the parameters seem to strongly depend on the geometry of the cluster. Even the sign of the exchange interaction was found to depend on the geometry of the cluster. This is consistent with other studies relating the coordination number with the sign of the exchange interaction. 9 The spin Hamiltonian ͓Eq. ͑3.2͔͒ used in this work can be expected to form the beginning of a power series which defines the true effective spin Hamiltonian for these systems. In the case of small clusters also higher powers of the single-site terms seem to be relevant unlike in the termodynamic limit. In these small systems the local environments of atoms change considerably from one cluster to another. This causes large changes in the spatial electron density and hence in the values of the spin Hamiltonian parameters, A, C, and D and may even change the sign of the exchange coupling constant J.
Finally, we note that our spin Hamiltonian implicitly depends on the underlying DFT-LSDA computational results, which may depend on the approximative form of the exchange-correlation energy functional. We have not studied systematically the effect of different functionals on the energy spectrum of the magnetic states, but expect it to be small enough so that the general behavior of the spin Hamiltonian obtained in this paper remains qualitatively valid. 
